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Settling a problem raised by B. Griinbaum, J. Malkevitch, and the author, 
we present 5-valent 5connected planar graphs that admit no pairs of edge- 
disjoint Hamiltonian circuits; our smallest example has 176 vertices. This is 
used to construct an infinite family of 5-valent 5comrected planar graphs, in 
which every member has the property that any pair of Hamiltonian circuits 
in it share at least about l/168 of their edges. We construct 4- and 5-valent, 
3connected non-Hamiltonian planar graphs. 
The following problem has been recently raised (in [lo] and again in [9]): 
“Does every 5-connected planar graph have a pair of edge-disjoint 
Hamiltonian circuits?’ The corresponding question for 4-valent 4- 
connected graphs was raised by Nash-Williams [13] and negatively 
settled by Meredith [12]; the planar variant, dealing with 4-valent 
4-connected planar graphs, was raised by Grtinbaum and the present 
author [lo] and negatively answered by Martin [l l] and by Griinbaum 
and Malkevitch 191. 
Our first result consists of few proofs of the following theorem. 
THEOREM 1. There exists a 5-valent 5-connected planar graph that 
admits no pairs of edge-disjoint Hamiltonian circuits. 
Edge-disjoint Hamiltonian circuits in graphs having large valencies were 
treated by Nash-Williams [14, 151; we extend our Theorem 1 in the 
following way. 
COROLLARY 1. For every n, n 3 5, there exists an n-valent n-connected 
Hamiltonian graph that admits no [n/2] pairwise-edge-disjoint Hamiltonian 
circuits. 
Following an idea of Griinbaum and Malkevitch [9], let d(G) denote the 
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minimum number of edges shared by every pair of edge-disjoint 
Hamiltonian circuits in the Hamiltonian graph G, and let r(k), fork = 4,5, 
be defined by r(k) = lim sup{(d(G)/u(G)) I G is a k-valent k-connected 
Hamiltonian graph}; define r*(k) in a similar way for the planar case. 
Clearly 0 < r(k), r*(k) < 1. We establish the following results. 
THEOREM 2. r(4) > l/16 and r*(4) 3 l/20. 
THEOREM 3. r(5) > l/76 and r*(5) 3 l/168. 
The second inequality in Theorem 3 is a strengthening of Theorem 1. 
A well-known result of Tutte [20] (see also, [16, Chap. 5.2; 221) states 
that every 4-connected planar graph is Hamiltonian; there exist, on the 
other hand, 3-connected 3-valent non-Hamiltonian planar graphs 
[l, pp. 223-225; 6; 7, Chap. 7; 8; 191; other non-Hamiltonian 3-connected 
planar graphs are known (see, for example, [3, 71); each one of these 
3-connected planar non-Hamiltonian graphs has few 3-valent vertices. 
The following result simplifies earlier constructions of Walther [21] 
(see also Sachs [18]). 
THEOREM 4. There exist 3-connected k-valent planar graphs Ri , 
1 < i < 4, such that 
1. R, is 4-valent, non-Hamiltonian and has 114 vertices; 
2. R2 is 4-valent, has no Hamiltonian paths and has 264 vertices; 
3. R, is 5-valent, non-Hamiltonian and has 228 vertices, and 
4. R, is 5-valent, has no Hamiltonian paths and has 528 vertices. 
The main tool here is the following idea: Let G*(v) denote the graph 
obtained from a graph G by the replacement of a 5-valent vertex v by the 
subgraph H, as described in Fig. 1; we establish the following lemma. 
LEMMA 1. If v is a 5-valent vertex of a graph G and if G*(v) has a pair 
of edge-disjoint Hamiltonian circuits, then so does G. 
Proof of Lemma 1. Let G*(v) have a pair of edge-disjoint Hamiltonian 
circuits OL and /?; both cy and /3 visit the subgarph H, which is inserted 
instead of the vertex v of G, since they are Hamiltonian circuits; each one 
of them visits H exactly once, since in visiting once the subgraph H they 
have used already four out of the five outgoing edges of H, because E 
and /3 are edge-disjoint, and the remainder edge is not sufficient for a 
revisit by either one of them. As a result it follows that shrinking H to L’, 
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and hence G*(u) back to G, yields a pair of edge-disjoint Hamiltonian 
circuits in G. This completes the proof of Lemma 1. 
It can be easily shown that if G has a pair of edge-disjoint Hamiltonian 
circuits, then so does G*(v), for every Svalent vertex u of G. 
First proof of Theorem 1. A 5-valent Sconnected planar graph G that 
has no pairs of edge-disjoint Hamiltonian circuits is schematically 
described in Fig. 2, to be understood as follows. Let G, denote the 
5-valent multigraph obtained from Fig. 2 by shrinking each one of the 
FIGURE 2 
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circles to a vertex; let F, denote the 2-factor of G, that contains one edge 
from every pair of multiple-edges of Gr; let Gz denote the graph obtained 
from G, by omitting all the edges of F, . The graph G, is, of course, the 
well known Lederberg-Bozak-Barnette’s graph (see [7, Fig. 17.1.5, p. 3611) 
which is 3-valent, 3-connected, planar and non-Hamiltonian. Our graph G 
is obtained from the multigraph G, by replacing each vertex of G, with a 
copy of the graph H, as described in Fig. 1. Clearly, G is a 5-valent planar 
graph that has 418 vertices; as can be easily checked, G is also 5-connected. 
Suppose that G has a pair of edge-disjoint Hamiltonian circuits; it 
follows from Lemma 1, applied successively few times, that the multi- 
graph G, has a pair of edge-disjoint Hamiltonian circuits; in particular, 
G, is Hamiltonian; since no Hamiltonian circuit in a multigraph that has 
at least three vertices uses any pair of double edges, it follows that already 
G, (the Lederberg-Bozak-Barnette’s graph, which is non-Hamiltonian) 
is Hamiltonian, which is a contradiction. Therefore G admits no pairs of 
edge-disjoint Hamiltonian circuits, and the first proof of Theorem 1 is 
complete. 
Second Proof of Theorem 1. Let Q” be the graph described in Fig. 3, 
taken from [7, Fig. 17.1.2, p. 3591 (see also [19]); as is mentioned in [7], 
every Hamiltonian circuit of Q” must use the edge E, marked in Fig. 3, 
FIGURE 3 
which is the edge G of [7, Fig. 17.1.21. Let R* be the multigraph obtained 
from Q” by adding the edges of a particular 2-factor of Q”; R* is obtained 
from Fig. 4 by shrinking every circle to a vertex. Let R be the graph, 
obtained from R* by replacing every vertex by a copy of the graph H, 
as described in Fig. 1; the graph R is schematically described in Fig. 4, 
where every circle stands for a copy of the graph H. 
Clearly, R is a 5-valent 5-connected planar graph having 176 vertices. 
Suppose that the graph R has a pair of edge-disjoint Hamiltonian circuits OL 
and /3. As in the first proof, it follows here too that both a: and /3 visit 
every copy of the subgraph H exactly once, and none of them uses both 
the two edges of R that connect any pair of copies of the subgarph H; 
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therefore the multigraph R* has a pair of edge-disjoint Hamiltonian 
circuits, obtained by shrinking every copy of H to a vertex and by using 
Lemma 1. This is impossible, since every Hamiltonian circuit of R* is a 
Hamiltonian circuit of Q”, hence must contain the special edge E. 
Therefore the graph R has no pairs of edge-disjoint Hamiltonian circuits, 
and the second proof of Theorem 1 is complete. 
Third proof of Theorem 1. Extending Bozak’s [2] idea, which I learnt 
from V. Klee, (see also [4, 5]), let an edge E of a graph G be called a 
2a-edge (2b-edge) if E belongs to the union of every pair (no pairs, 
respectively) of edge-disjoint Hamiltonian circuits in G. We have here the 
following analog of [2] (see also [4, 51). 
LEMMA 2. If G, and Gz are (possibly multi-) graphs, G1 has a 2a-edge El 
having a Svalent end point vl , and Gz has a 2b-edge E, having a 5-valent 
endpoint va , then the attachment of Gl to G, , described in Fig. 5, in which El 
FIGURE 5 
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is connected to E2 yields a (possibly multi-) graph that admits no pairs of 
edge-disjoint Hamiltonian circuits. 
Proof of Lemma 2. If ci and /? are edge-disjoint Hamiltonian circuits 
of the new graph, then,‘by shrinking Gz to a vertex it follows that 
(E, =) E, E (Y u /3, since E, is a 2a-edge of GI ; by shrinking GI to a vertex 
it follows that (EI =) ,?Zz $ cx U /3, since E, is a 2b-edge of G2 ; this is 
impossible, hence the n&w graph has no pairs of edge-disjoint Hamiltonian 
circuits, which completes the proof of Lemma 2. 
Clearly, if G, and/G, of Lemma 2 have n and m vertices, respectively, 
then the new graph has n + m - 2 vertices; if G, and G, are 5-valent or 
5-connected or planar, then it is well known that the new graph is also 
5-valent or Sconnected or planar, respectively. 
As mentioned in [9], the multigraph HI of Fig. 6.1 has no pairs of 
edge-disjoint Hamiltonian circuits; let H, be the multigraph described in 
Fig. 6.2, obtained from HI by adding the three edges a, b, and c. Every 
FIGURE 6.a FIGURE 6.b 
Hamiltonian circuit in Hz - c contains two out of the three edges d, e, 
and f, hence Hz - c has no pairs of edge-disjoint Hamiltonian circuits; 
since Hz has such pairs, it follows that the edge c of the multigraph H, 
is a Za-edge of Hz . Let H3 be the graph, obtained from Hz by the operation 
described in Fig. 1 and applied to every vertex of Hz ; this operation clearly 
preserves the property of being a 2a- or a 2b-edge, hence we have proved 
the following. 
COROLLARY 2. The graph H, is a 5-valent 5-connected planar graph 
that has 66 vertices and has a 2a-edge. 
The multigraph H4, described in Fig. 7, is obtained from HI by 
attaching three copies of HI at the vertices A, B, and C, such that the 
2a-edges of these copies of HI are connected to the vertex D, where D is 
one of the end points of the 2a-edge of HI . Four of the five edges meeting 
58zb/zr/z-3 
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at D in H4 are au-edges of H4 , hence the fifth edge at D is necessarily a 
2b-edge. Let H5 be the graph obtained from H4 by replacing every vertex 
of H4 in the manner described in Fig. 1; we have established, as before, 
the following corollary. 
COROLLARY 3. The graph H5 is a Svalent 5-connected planar graph 
that has 198 vertices and has a 2b-edge. 
By applying Lemma 2 to the graphs H3 and H5 we get a Svalent, 
Sconnected, and planar graph that has 198 + 66 - 2 = 262 vertices, 
and which admits no pairs of edge-disjoint Hamiltonian circuits. 
However, by a suitable attachment of four copies of HI to the original 
multigraph H, we get the multigraph HB , described in Fig. 8, in which all 
five edges meeting at the vertex D are 2u-edges of H6 ; this is possible only 
if H6 has no pairs of edge-disjoint Hamiltonian circuits; HB has 22 vertices 
and it gives rise to a 5-valent Sconnected planar graph that has 242 vertices 
and admits no pairs of edge-disjoint Hamiltonian circuits. 
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This completes the third proof of Theorem 1. 
Remarks. 1. We outline a fourth proof to Theorem I, in the hope 
that it will lead to a suitable graph, smaller than ours; the idea is to start 
with a suitable planar graph that has only 3- and 5-valent vertices and to 
continue as in the previous proofs. As an example, let W be the graph, 
obtained from Walther’s graph G, [21, Fig. 2, p. 2821, by letting the five 
outgoing edges A, B, C, D, and E meet at a new vertex v. A quick check of 
W reveals that the edge C of W is a b-edge. By adding to the graph W the 
edges of a suitable 2-factor of W - v one gets a 5-valent multigraph WI 
which has a b-edge; since a b-edge belongs to no Hamiltonian circuits, 
by definition, it follows that every b-edge is a 2b-edge. By applying the 
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operation of Fig. 1 to every vertex of IV, besides the vertex v one gets a 
5-valent 5-connected planar graph that has 408 vertices and has a 2b-edge. 
The rest is as in the third proof of Theorem 1, or by using the following 
observation: by attaching two copies of a 5-valent 5-connected planar 
graph which has a 2b-edge, in a way similar to Fig. 5 but where the two 
2b-edges are not connected, we get a 5-valent 5-connected planar graph G; 
this graph G has a cut set of five edges, two out of which are 2b-edges of G 
(why?); this implies that G has no pairs of edge-disjoint Hamiltonian 
circuits (why?). 
3 a. An edge E of a 5-valent 5-connected planar graph G might be a 
2b-edge of G, but it still belongs to some Hamiltonian circuit of G, due 
to [20], since G is planar and 4-connected. 
3. Unlike the case for a- and b-edges, treated in [2, 51, the following 
version of the converse of Lemma 2 seems to be false: “If G is a 5-valent 
5-connected planar graph having no pairs of edge-disjoint Hamiltonian 
circuits, and if it is smallest with respect to the number of vertices, then G 
has a cut set of five edges that splits G into two parts G, and Gz (reverse 
of Fig. 5), such that one of these five edges is becoming a Za-edge in G, 
and a 2b-edge in G, .” 
4. The graph Hj of Corollary 3 is clearly not the smallest 5-valent 
5-connected planar graph having a 2b-edge; every edge of the graph R 
of the second proof is a 2b-edge, and R has less vertices than H5. 
We turn to the proof of Corollary 1. 
Proof of Corollary 1. Using the notations of the first proof of 
Theorem 1, let kG, denote the multigraph, obtained from Gz by taking 
every edge of Gz k times. Theorem 1 takes care of the case n = 5. For 
every n, n > 6, let the n-valent multigraph G(n) be defined as follows: if 
n = 0 (mod 3) then G(n) = (n/3) Gz ; if n = I (mod 3), then G(n) is 
obtained from G(n + 2) by deleting the edges of the 2-factor F2 of G, 
(considered as a 2-factor of ((n + 2)/3)G,); if n = 2 (mod 3), then G(n) 
is obtained from ((n - 2)/3) Gz by adding the edges of Fz . 
Let G(n) be the graph obtained from the multigraph C(n) by replacing 
all the vertices of G(n) with copies of the graph I&+, as described in Fig. 9 
(with n = 8 there); K,+ is obtained from the complete graph K, on n 
vertices by adding disjoint edges, one to each vertex of K,, . 
Clearly, G(n) is an n-valent graph, for all n > 6; G(n) is Hamiltonian, 
since 2G, has a nonsimple circuit that visits every vertex of itself at most 
twice, without crossing at vertices and which can be easily converted into 
a Hamiltonian circuit of G(n). Less trivial, though still true, is the fact that 
G(n) is n-connected. 
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Suppose that G(n) has [n/2] pairwise-edge-disjoint Hamiltonian circuits; 
it follows here, as in the first proof of Theorem 1, that Gz is a Hamiltonian 
graph, which it is not; hence G(n) admits no [n/2] pairwise-edge-disjoint 
Hamiltonian circuits, and the proof of Corollary 1 is complete. 
Theorems 2 and 3 show that not only it is false that every k-valent 
k-connected planar graph, for k = 4,5, admits a pair of edge-disjoint 
Hamiltonian circuits, but that there exist even families of such graphs 
having the property that every pair of Hamiltonian circuits in them share 
at least some fixed positive percentage of their edges. 
Proof of Theorem 2. For every n, IZ > 3, let G(n) denote the multigraph 
described in Fig. 10, where G(n) consists of n copies of the multigraph P, 
described in Fig. 11. Let G’(n) and P’ be obtained from G(n) and P, 
respectively, by replacing every vertex as shown in Fig. 12a. 
G’(n) is a Cvalent Cconnected planar graph (hence Hamiltonian 
by [20]) having 2On vertices. To show that d(G’(n)) 3 n - 1, we need the 
following claim. 
CLAIM. If 01 and /? are two Hamiltonian circuits in G’(n) and if P” is 
any copy of P’ in G’(n), then either 
(i) 01 and B share an edge of P”, other than a, b, c, or d, or they share 
two edges among a, b, c and d; 
or else 
(ii) 01 (or /3) contains the edges a, 1, 6, 3, b and B (or 01, respectively) 
contains the edges c, 2, 5,4, d (modulo possible changes within the two edges 
of multiple edges). 
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Proof. Let 01 and ,8 be two Hamiltonian circuits in G’(n), and let P” 
be any copy of P’ in G’(n). If cx and 16 share an edge of P”, other than 
a, b, c, or d, then (i) holds. If cy and /I have no edges of P” in common, 
except possibly some edges among a, b, c, and d, then by shrinking the 
four copies of the right hand side of Fig. 12a back to a vertex, a new 
multigraph G is obtained, having the corresponding Hamiltonian circuits 
E and /j. Cu and Fuse exactly those edges among the edges a, b, c, d, 1,2 ,..., 6 
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of P” as 01 and p respectively do; moreover, all the four edges meeting at 
a vertex of P are used, two by Or and the other two by p, since otherwise cy 
and /I would share at least one edge among the edges 1, 2,..., 6 of P”. 
If 5 $ Cr w  p, then necessarily a u b E ol n ;8, hence a v b E 01 n j3, 
implying that case (i) holds. If 5 E a: u p, say 5 E E, then certainly 6 4 &, 
because otherwise E would contain a closed circuit of length 4 or p would 
contain a closed circuit of length 2; moreover, c, d E Or; if 6 E /?, then 5 # p 
and a, b E p, hence case (ii) is true. If 6 $ /j (while 5 $ p, since 5 E 01 and 
Z A p contains no edges among 1,2,..., 6), it follows that p n P consists 
of two paths, a, 1, c and b, 3, d (with a possible replacement of 1 by 2, or 
3 by 4); in this case c u d E 5 n /?, hence c u d E 01 n p and case (i) is true. 
This completes the proof of the Claim. 
To show that d(G’(n)) 3 it - 1, let cy and /? be any pair of Hamiltonian 
circuits in G’(n); since n > 3, it follows that case (ii) of the Claim can occur 
in at most one copy of P’, since otherwise one of the two circuits would 
have more than one connected component; every other copy of P’ either 
contributes an edge inside P’ or two of the four connecting edges of P’ to 
the set of edges shared by 01 and p; two consecutive copies of P’ may 
contribute the same pair of connecting edges, hence d(G’(n)) > n - 1. 
It follows now that 
-I- - 0 
FIGURE 12 b 
To get r(4) > l/16, use Fig. 12b instead of Fig. 12a in the previous proof. 
This completes the proof of Theorem 2. 
Proof of Theorem 3. We make use of the second proof of Theorem 1, as 
follows. Let R’ be the graph obtained from the graph R by cutting away 
one copy of the graph H (see Fig. 4); R’ has 170 vertices, five of which 
are 1-valent vertices that are denoted by A, , A, ,..., A, and they are the 
end points of the edges El , E2 ,. . ., Es , respectively, while the remaining 
vertices of R’ are 5-valent. For every n, n > 3, let G(n) be the 5-valent 
5-connected planar graph, described in Fig. 13 and obtained by joining 
n copies of R’ together. Clearly u(G(n)) = 16%~ 
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Let 01 and j3 be Hamiltonian circuits of G(n), and let R” be any copy of R 
in G(n). To show that (II and p share an edge of R”, suppose on the contrary 
that they do not; in particular, a! and /3 use four different edges out of the 
five connecting edges El, E, ,..., E5 of R”. Let R” be the graph, obtained 
from R” by cutting it away from the rest of G(n), cutting at the vertices 
A, > 4 >..*> A, , and identifying these five vertices into one. The parts 01’ 
and /3’ of CII and /3 in I?“’ form clearly Hamiltonian circuits of R”, which by 
our assumption share no edges of R”. A contradiction is derived here as 
in the second proof of Theorem 1. Therefore any two Hamiltonian circuits 
of G(n) have at least one common edge in every copy of R’, hence 
d(G(n)) > n and it follows that r*(5) > limn+cc[[d(G(n))/v(G(n))] 2 l/168. 
To get r(5) 2 l/76, let R+ be the graph having five 1-valent vertices and 
75 5-valent vertices, obtained from the multigraph R* of the second proof 
of Theorem 1 by first removing a vertex of R* and then replacing every 
5-valent vertex by the graph K5+ (Fig. 9); Let Ri+ be copies of R+, 
1 < i < 12, and let Aii , j = I ,..., 5, be the five I-valent vertices of Ri’. 
Define G(n) as the graph, obtained from the disjoint union RI+ u ... u R,+ 
by identifying every collection of five vertices of the form Ai+j,j for 
j=l ,-**> 5, where the indices are taken modulo it. G(n) is a 5-valent 
5-connected graph having 76n vertices; the inequality d(G(n)) > IZ follows 
here as it did in the previous part, hence it follows that r(5) 2 l/76. 
This completes the proof of Theorem 3. 
Remark. The same estimates for r(k) and r*(k), k = 4, 5, holds also in 
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the case where pairs of Hamiltonian paths are concerned; this follows from 
the fact that the end point of such paths can lie in at most four different 
copies of, say R’ in G(n) (the notations are those of the proof that r*(5) > 
l/168 in Theorem 3), hence every pair of Hamiltonian paths in G(n) share 
at least n - 4 edges (assuming, of course, that n > 5). 
The proof of Theorem 4 uses the following Lemma. 
LEMMA 3. If E is an edge connecting two 3-valent vertices of a graph G, 
and Gl(G2) is obtained from G by replacing E as described in Fig. 14 
(Fig. 15, respectively), then G has a Hamiltonian circuit or a Hamiltonian 
path if and only if G, (G, , respectively) has it. 
Proof of Lemma 3. The right-hand parts of Figs. 14 and 15 are 
connected to the rest of the graph (G, or G,) by the three vertices u, v, and 
w, hence every Hamiltonian circuit or path in G can be altered to the like 
one in G1 (or G,), and vice versa. 
FIGURE 14 
FIGURE 15 
Proof of Theorem 4. To get R, , apply the operation described in 
Fig. 14 to every edge of the l-factor G, - {edges of F,} of the Lederberg- 
Bozak-Barnette’s Graph Gz (single edges of Fig. 2); the graph RI is 4-valent 
3-connected planar graph having 114 vertices, and it is non-Hamiltonian 
by Lemma 3. 
To get R, , start with Zamfirescu’s graph (see [8, Fig. 4]), which is a 
3-valent 3-connected planar graph having 88 vertices and admitting no 
Hamiltonian paths; by Petersen’s Theorem [17] it has a l-factor; replace 
each one of the edges of a l-factor of Zamfrrescu’s graph, as described in 
Fig. 14, and you get the Cvalent 3-connected planar graph R, that has 
264 vertices; it has no Hamiltonian paths by Lemma 3. 
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The graphs R, and R4 are obtained in a similar way, by using the 
replacements described in Fig. 15 rather than those described in Fig. 14. 
This completes the proof of Theorem 4. 
The following questions may be found interesting. 
1. What is the minimum number of vertices that a 5-valent 5- 
connected planar graph can have, while still not admitting pairs of edge- 
disjoint Hamiltonian circuits? (Find an example that has fewer than 
176 vertices.) 
2. Is there any 5-valent 5-connected planar graph that has less than 
66 vertices (112 vertices) and which has a 2a-edge (2b-edge, respectively)? 
A positive answer to either one of the two parts here will clearly be used to 
construct an example with fewer that 176 vertices, as raised in the previous 
question. 
3. Does every 5-valent 5-connected planar graph which has only 
three (or only two) types of faces admit a pair of edge-disjoint Hamiltonian 
circuits ? Using our recently constructed 3-valent 3-connected planar non- 
Hamiltonian graph, that has 92 vertices and just pentagons and octagons, 
we can construct a 5-valent 5-connected planar graph that has 1012 vertices 
and just 3-, 4-, lo-, and 16-gonal faces, while admitting no pairs of edge- 
disjoint Hamiltonian circuits. 
4. Does every n-valent n-connected Hamiltonian graph admit a pair 
of edge-disjoint Hamiltonian circuits, IZ 3 6? Compare with [14, 151. 
5. Does every n-valent n-connected graph that has a l-factor admit 
a pair of edge-disjoint l-factors, n 3 4? The Petersen graph is a counter- 
example in case n = 3; we gave [22, graph B(n, l), p. 1781, an example 
of an n-connected graph that has a l-factor but has no pairs of edge- 
disjoint l-factors, but our graph is not n-valent. 
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